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W HREXOERE, ARBEOMAERZREHLE LTREL TELD, MADERITHY,
ERFEM D TERZR S HRICHNZ Z PSR o T3, R, BHHRORRESOMNELZE
Z I VREFMERZRE, RN ACBOWTEETHS. 22T, BES X c C LoIERIK
e mi e 5 2 0 e SERRFE o T 22

oo d n
P = — 0.1
>0 () 01)
WZBWT, z IZOWTRFI—HIC

n@o {nlla, ()| =0
Ziil-3 e &, PZREFMEHRLIER. Zor % PLRREATEHEZETH 2 2k, BN
BREEERZE (0.1) BRI O 0, FOEEREZED S 2 LIZFETH % 2 L2551
LTV, REBICEY R RERAZR L TERSI NS MR () MOoEHREZ, &
FRMEREA OO E, FICREBIENTZO B IC B W THEEZRKE 2R LTwa (B2, 8],
[19] Z5HH) .

—J7, HHEEEERIT 5k (HD) R Z, MoEHRREZHWTRENT 2 2
CiE, BN R IE D T2 TICB I 2 EELMEO—2OTH 5. BFOMREL LT,
PIZE, 185272 D IS 2 RATNZREHRIZ, ARBEOMOEHZRETREN S Z
L Peetre OEI Y LTHISNTWS ([17], [18]). %7z, [13] TIE, @4YRKED T, 5
Z Bz proximate order (cf. [20]) ZHFOREBIRI D ZERITN LT, 2 oA R O EH]
Bz (Rt e 3 2 JERRFEM T (ERZRIC K 2 R U psRE s htn . 512, [3], [4] T,
superoscillation DM Z B FHIZ, 2V ZFROBEKBOZEMIHIEH T 2 BHAAAERAZED
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eSS, B 2R ESM 27 TR () WoFHR2HWTEEHEATWwS. 22T,
superoscillation ¥ 1%, Fourier Z#1DHEMa V%7 M REBIZBWT, ZORDLERED B F
FRENZE S IREN T 2 BIRTH 5. ZOMERIE, ETFHFOXRKIZE W T Aharonov 512X - T
HAZN, Berry OWt5e2@E L TILS HIHN D K 51272 o 7 ([1], [10]). BRI SURICHEWT
X, [2] BESENRSEXME 2o TWb. ZOBHROMHTICBY 2 BEELHFEDO—D L LT,
Schrodinger HFERICHE 5 KEEFEE D R T superoscillation 23EfF X412 20 & W0 5 2T 5
N5, ZOMRHIIBNT, D 250MEBUZFR OB OZMIIER$ 2 BWRESMA 2 i 3 IR
WATEFRRNPOLMREEZ R LT05. £z, [6] TlE, [4] TERSINEIREM D ERZHR
D FA%EYIRT 52T, [4 THOLNLEHDW, Thbb, b 208 %EROBEBOZEM
RS 2 H CHERIALDS, RS2 ST EBEM O ERAR L TR sh 2 2
HMEEHE TV 3. [6] DRERIE—BLEhTE D, [5] TIESE X Hh proximate order & ¥
DRI DZEINTH LT, 2 0RO RFE M EHZRIC X 2R M IR 52 5hTw
5. XL, [15] TEZ 72 M @ Roumieu B35 X X Beurling B O JE R AIFEREL D 2280
LT, 2o H ERBOMREM I ERRIC X 2/HEMINEZ 6N TS,

AT, D20 R OB O MICHER T 2 WRE S 2 7z 3 RRS Mo E 2
DIFAIERD, Hhi R EHZR L 722 Z e 2R d. JBRAERIE, Moot rFHZE
DEHMEZER U S FE, POz @ U TR EEIZ R 3 (BRI, [12] 238) . KamXo
R, 2o DZEEICN T 2O HEROBONEORIHICEHES 32 Z e pifFEh 5.

1 Introduction

In [6], Aoki, Ishimura, Okada, Struppa and the author introduced the class of infinite order
differential operators subject to certain growth conditions, denoted by Dp (resp. Dp,O)’
and proved that this class characterizes the continuous endomorphisms on the space A
(resp. A, ) of entire functions of order at most p of normal type (resp. minimal type).
These results were generalized to continuous homomorphisms between spaces of entire
functions with respect to proximate orders in [5], and to continuous endomorphisms on
spaces of formal power series of class M in [15] (cf. [16]). In the setting of spaces of
entire functions of normal type with respect to a proximate order, solvability conditions
for differential equations of regular singular type and of Korobeinik type were studied in
[14].

Given an operator P € D (resp. P € D, ) acting on the space A (resp. A ),
it is natural to consider whether its formal adjoint ‘P also defines a continuous linear
operator on the same space. The main purpose of this paper is to investigate formal
adjoint operators and their continuity on the spaces of entire functions of a given order.

Note that an infinite order differential operator in Dp (resp. Dp o) is not a local operator
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in general.

The plan of this paper is as follows. In Section 2, we recall the definitions of the spaces
of entire functions of a given order and infinite order differential operators introduced
in [6], and define the notion of formal adjoint operators. In Section 3, we establish the
main results of this paper, which show that the formal adjoints of these operators define
continuous linear operators on Ap (resp. AM), under a suitable additional assumption on
the operators in Dp (resp. Dp,())' Since the formal adjoint plays a fundamental role in the
study of the solvability of differential equations via duality (cf. [12]), we expect that these

results will contribute to clarifying the properties of solutions to differential equations.

2 Preliminaries

We denote by C the set of complex numbers as usual, and by Z_, the set of non-negative
integers. We fix a positive integer n. Let &(C") be the set of entire functions of variables
z = (2,25...,%,) € C". For p > 0and 7 >0, let A _ denote the set of f € O(C")

satisfying

£~ == sup [f(2)exp(=T|2[") < oo,
zeCnr

where [2] 1= \/[2,[> +[2,[> + - +[2,[2. Then A _becomes a Banach space with the norm

-1, For 7' > 7 > 0, the natural inclusion mapping ¢: A, < A, is compact. Hence

we define the inductive and projective limits of the family {AW}DO by
A, = @APW A o= h&lAp,f
>0 7>0
These spaces are DFS and FS spaces, respectively (cf. [9]).
We use the standard convention for multi-indices. For a = (o, ..., ), B =

(Bys By -+, B,) € 22, we write a < B if o, < 8, for all k = 1,2,...,n. Moreover, we
write a £ 5 = (o, :I:_ﬂl,a2 +08,,...,0,x08,), lal=a;,+a,+- -+, =olea
and 07 = (0/0%,)"1(0/0z,)*2 - --(0/0z, )" for z = (2], 2,,...,2,) € C". We will consider
a formal differential operator with coefficients given by a multi-sequence {a_(z)} C
ocn).

Definition 2.1 ([6, Definition 3.1]; see [7, Definition 1.3] for the one variable case). We
denote by D the set of all formal differential operators P = P(2,0,) = > a,(2)9; such
that {a,(2)} ez,
B_.>0and C. > 0 such that for any a € L%, the following holds:

aEZ;O

C O(C") satisfies the following condition: for any € > 0, there exist

leel/p
lall, 5 < CAA el 2.1)
allp,B, — “e al
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Here we use conventions 0! = 0° = 1.

Definition 2.2 ([6, Definition 4.1]). We denote by D, the set of all formal differential
operators P = P(z,0,) = > a,(2)07 such that {a_(2)} C O(C") satisfies the
following condition: for any e > 0, there exists B, > 0 such that for any « € L%, the

€y,
following holds:

———plert, (2.2)

|a|la\/p
lagl,, ]

Theorem 2.3 ([6, Theorems 3.3 (i) and 4.3 (i)]). Let P = P(2,0,) = > a,(2)0 be a

formal differential operator. For any entire function f(z), set

Pf:= Zaa(z)a f

(i) Assume that P € D,. Then for any f € A, the series Pf converges and Pf € A .
Moreover, f+— Pf defines a linear continuous operator P: A — A .

(ii) Assume that P € D,,. Then for any f € A,
PfeA,, Morever, f— Pf defines a linear continuous operator P: A , — A

the series Pf converges and

Definition 2.4 (cf. [8], [12]). Let P(2,0,) =3, a,(2)0. be a formal differential operator
with {a_(2)} C O(C"). Then the formal adjoint of P(z,0,) is defined by

P(2,0,) =) (~0.)"a,(2).

aEZgO

Then 'P(z,0,) can be written as

P(2,0,) =3 (- 'ﬁ‘zal ( ay(2)) 077" Zb (2.3)

B as<p

!
Here we write vy =8 —a € Z2, and b = -1 W'Laﬁ-v .
re we write 7= f— 0 € 22, and b, (2) = 3 (1)1 507 a2

3 Main Result

Definition 3.1. We define bp C D, as follows: P =3 a,(2)0] € D, belongs to bp if

for any € > 0, the constant B_ > 0 in (2.1) satisfies 2(2spnp/zeBa p)'/Pe < 1. Here we set
__ -1

s, = max{2" ", 1}.

Theorem 3.2. Let 'P = Y b (2)9] be the formal adjoint of P =3 a,(2)07 € Dp in

(2.3). Then, for any entire function f € A, the series

Pfi=> b (2)0]f
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converges and 'Pf € A,. Moreover, the mapping f 'Pf defines a linear continuous
operator 'P: Ap — Ap.

Proof. Recall that a linear operator F': Ap — Ap is continuous if and only if for any 7 > 0,
there exist C' > 0 and 7’ > 0 such that

IEfI, < CUAL -

holds for any f € A _ (see, e.g., [11]). Since P =3 a,(2)0; € DP, for any € > 0, there
exist B, > 0 and C_ > O such that [la, |, < C_|all*relel fal and 2(25pnp/ZeBEp)1/p5 < 1.
Let 7 > 0 be arbitrary and fix f € A . Using [6, Lemma 2.1], we have

IPflly 5,4, < Z 165115192 £l 5 -

|
> (Z Tl aﬁ|p¢35> (e e ),

Y\B=y

<oy (T 8" (5.07/2eB.p)P=1/7elfl | (erp) /e (2n /2| £]
= Ve |B — 7|1B=71/p|y|I/p 7P € por

Y B>y
<C. Z(in/z(QETp)l/%)M Z(gspnpﬂeBep)\B—v\/pg\ﬁ—w\ ”f”p,T

2l B>y
< 27720 3" (4n' 2 (2erp) VPe) Y (228,07 e BLp) Vre) | £] .

k=0 m=0

for any £,7 > 0. Here we have used the inequalities

(B—)!

B— _
[es %”p,BE = 1B —~[Fre

(spn”/Qeng) -

(see the proof of [6, Lemma 2.1]) and

18
Il < 28l — ghlglB—l Z 1= (" * k < gnthl (3.1)
|8 = |18 || ’ ol =k

For any 7 > 0, we can choose €, 7" > 0 such that 7" > B_ + s 7 and An'/?(2erp) /e < 1.
Since the sum Y *°_ (2 (QSPnP/QeBEp)l/”E)m converges, for any 7 > 0, there exist C' > 0
and 7" > 0 such that

1Pl < Clf,

This proves the continuity of 'P: A, — A, O

Deﬁnition 3.3. We define D 0 C D, asfollows: P =3 a,(2)0 €D, belongs to

D, if for any € > 0, the constant B_ >0 in (2.2) satisfies 2(2s, np/geap)l/pB < 1. Here

we set s, := max{2"" L1}
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Theorem 3.4. Let 'P = >, b,(2)0] be the formal adjoint of P =3 a,(2)0] € Dp,o in
(2.3). For any entire function [ € A, the series

Pr=>"b(2)0]f

converges and 'Pf € A, - Moreover, the mapping f 'Pf defines a linear continuous
operator 'P: A o= A,

Proof. This can be proved in the same way as Theorem 3.2. Recall that a linear operator
F: A ,— A, is continuous if and only if for any o > 0, there exist C' > 0 and 7 > 0
such that

1Ef1,6 < ClAL, -

holds for any f € A, (see, e.g. [11]). Since P =>__ a,(2)0] € bp’o, for any € > 0, there
exists B, > 0 such that [[a, ][, . < la|!*/? Bl fal and 2(25>’pnp/2&€p)1/”BE <1. Let7>0
be arbitrary and fix f € A . Similar computations to those in Theorem 3.2 yield

[ Z 16,11, 1102 f,.5, -

IN

_ ~!
Z( B =) v‘”aﬁ Wa‘*”’*) s Ere) " @n ) S
B>y
(Y 8PV (5. 0?2eep) PP BIAFL ) (erp)I/m (2 1/2)0) £
2 [B— APy |17 p : p P
vy v

<B Z (2n'/%(2erp)'/?B_)"! Z (2s np/QeEp)
Y B>y

IN

< 27D, 2(4711/2(26@)1/”38)’“ > (2(2s,0"2eep) " B)"|| £, .

for any €,7 > 0. Here we have used the inequalities

(8 =)!
pPe — |5 ry||ﬂ Yl/p

10777 a,|l (s,n"?eep)'”

(see the proof of [6, Lemma 2.1]) and (3.1). For any o > 0, we can choose €, 7 > 0 such
that o > € + 5,7 and 4711/2(267']))1/7’?E < 1. Since the sum szzo(Q(Qspn”/Qeep)U”Bg)m
converges, for any o > 0, there exist C' > 0 and 7 > 0 such that

1P £l < CISI,,-

This proves the continuity of ‘P: A=A, O
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