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解説

微分方程式の理論は，有限階の微分作用素を中心として発展してきたが，研究の進展に伴い，
無限階微分作用素も自然に現れることが明らかとなっている．特に，函数の特異点の位置を変
えない局所作用素は，理論的な枠組みにおいて重要である．ここで，開集合X ⊂ C上の正則函
数を係数とする形式的な無限階微分作用素

P =
∞∑

n=0

an(x)

(
d

dx

)n

(0.1)

において，x について局所一様に

lim
n→∞

n

√
n!|an(x)| = 0

を満たすとき， P を局所作用素と呼ぶ．このとき，P が局所作用素であることと，形式的な無
限階微分作用素 (0.1)が正則函数の層 OX 上の層準同型を定めることとは同値であることが知
られている．係数に適当な増大度条件を課して定義される無限階（擬）微分作用素は，さまざ
まな理論と結びつき，特に代数解析学の分野において重要な役割を果たしている（例えば，[8],

[19]を参照）．
一方，ある函数空間に対する連続（自己）準同型を，微分作用素などを用いて特徴付けるこ

とは，函数解析学をはじめとする諸分野における重要な問題の一つである．既存の結果として，
例えば，滑らかな函数の層に対する局所的な線型作用素は，有限階の微分作用素で表されるこ
とが Peetre の定理として知られている ([17], [18])．また，[13] では，適当な仮定の下で，与
えられた proximate order (cf. [20])を持つ整函数の空間に対して，その連続自己準同型の正則
函数を係数とする無限階微分作用素による特徴付けが証明されている．さらに，[3], [4]では，
superoscillationの研究を背景に，ある位数を持つ整函数の空間に作用する畳み込み作用素の
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連続性が，ある増大度条件を満たす無限階（擬）微分作用素を用いて証明されている．ここで，
superoscillationとは，Fourier変換の台がコンパクトな函数において，その台の上限よりも局
所的に速く振動する現象である．この概念は，量子力学の文脈において Aharonovらによって
導入され，Berryの研究を通じて広く知られるようになった ([1], [10])．数学的な文脈において
は，[2]が包括的な参考文献となっている．この現象の解析における重要な課題の一つとして，
Schrödinger方程式に従う時間発展の下で superoscillationが維持されるかという問題が挙げら
れる．この解析において，ある位数を持つ整函数の空間に作用する増大度条件を満たす無限階
微分作用素が中心的な役割を果たしている．また，[6]では，[4]で定義された無限階微分作用素
のクラスを拡張することで，[4]で得られた定理の逆，すなわち，ある位数を持つ整函数の空間
に対する連続自己準同型が，増大度条件を満たす無限階微分作用素として特徴付けられること
が証明されている．[6] の結果は一般化されており，[5]では与えられた proximate orderを持
つ整函数の空間に対して，その連続準同型の無限階微分作用素による特徴付けが与えられてい
る．さらに，[15]ではクラスMの Roumieu 型および Beurling 型の形式的冪級数の空間に対
して，その連続自己準同型の無限階微分作用素による特徴付けが与えられている．
本論文では，ある位数を持つ整函数の空間に作用する増大度条件を満たす無限階微分作用素

の形式共役が，連続線型作用素となることを示す．形式共役は，微分方程式の可解性や作用素
の全射性を論じる際，双対性を通じて中心的な役割を果たす（例えば，[12]を参照）．本論文の
結果は，これらの空間に対する微分方程式の解の性質の解明に寄与することが期待される．

1 Introduction

In [6], Aoki, Ishimura, Okada, Struppa and the author introduced the class of infinite order

differential operators subject to certain growth conditions, denoted by Dp (resp. Dp,0),

and proved that this class characterizes the continuous endomorphisms on the space Ap

(resp. Ap,0) of entire functions of order at most p of normal type (resp. minimal type).

These results were generalized to continuous homomorphisms between spaces of entire

functions with respect to proximate orders in [5], and to continuous endomorphisms on

spaces of formal power series of class M in [15] (cf. [16]). In the setting of spaces of

entire functions of normal type with respect to a proximate order, solvability conditions

for differential equations of regular singular type and of Korobĕınik type were studied in

[14].

Given an operator P ∈ Dp (resp. P ∈ Dp,0) acting on the space Ap (resp. Ap,0),

it is natural to consider whether its formal adjoint tP also defines a continuous linear

operator on the same space. The main purpose of this paper is to investigate formal

adjoint operators and their continuity on the spaces of entire functions of a given order.

Note that an infinite order differential operator in Dp (resp. Dp,0) is not a local operator

2

in general.

The plan of this paper is as follows. In Section 2, we recall the definitions of the spaces

of entire functions of a given order and infinite order differential operators introduced

in [6], and define the notion of formal adjoint operators. In Section 3, we establish the

main results of this paper, which show that the formal adjoints of these operators define

continuous linear operators on Ap (resp. Ap,0), under a suitable additional assumption on

the operators in Dp (resp. Dp,0). Since the formal adjoint plays a fundamental role in the

study of the solvability of differential equations via duality (cf. [12]), we expect that these

results will contribute to clarifying the properties of solutions to differential equations.

2 Preliminaries

We denote by C the set of complex numbers as usual, and by Z≥0 the set of non-negative

integers. We fix a positive integer n. Let O(Cn) be the set of entire functions of variables

z = (z1, z2, . . . , zn) ∈ Cn. For p > 0 and τ > 0, let Ap,τ denote the set of f ∈ O(Cn)

satisfying

‖f‖p,τ := sup
z∈Cn

|f(z)| exp(−τ |z|p) < ∞,

where |z| :=
√
|z1|2 + |z2|2 + · · ·+ |zn|2. Then Ap,τ becomes a Banach space with the norm

‖ · ‖p,τ . For τ
′ > τ > 0, the natural inclusion mapping ι : Ap,τ ↪→ Ap,τ ′ is compact. Hence

we define the inductive and projective limits of the family {Ap,τ}τ>0 by

Ap := lim−→
τ>0

Ap,τ , Ap,0 := lim←−
τ>0

Ap,τ .

These spaces are DFS and FS spaces, respectively (cf. [9]).

We use the standard convention for multi-indices. For α = (α1, α2, . . . , αn), β =

(β1, β2, . . . , βn) ∈ Zn
≥0, we write α ≤ β if αk ≤ βk for all k = 1, 2, . . . , n. Moreover, we

write α± β = (α1 ± β1, α2 ± β2, . . . , αn ± βn), |α| = α1 + α2 + · · ·+ αn, α! = α1!α2! · · ·αn!

and ∂α
z = (∂/∂z1)

α
1(∂/∂z2)

α
2 · · · (∂/∂zn)

α
n for z = (z1, z2, . . . , zn) ∈ Cn. We will consider

a formal differential operator with coefficients given by a multi-sequence {aα(z)}α∈Zn
≥0

⊂
O(Cn).

Definition 2.1 ([6, Definition 3.1]; see [7, Definition 1.3] for the one variable case). We

denote by Dp the set of all formal differential operators P = P (z, ∂z) =
∑

α aα(z)∂
α
z such

that {aα(z)}α∈Zn
≥0

⊂ O(Cn) satisfies the following condition: for any ε > 0, there exist

Bε > 0 and Cε > 0 such that for any α ∈ Zn
≥0 the following holds:

‖aα‖p,B
ε
≤ Cε

|α||α|/p

α!
ε|α|. (2.1)

3
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連続性が，ある増大度条件を満たす無限階（擬）微分作用素を用いて証明されている．ここで，
superoscillationとは，Fourier変換の台がコンパクトな函数において，その台の上限よりも局
所的に速く振動する現象である．この概念は，量子力学の文脈において Aharonovらによって
導入され，Berryの研究を通じて広く知られるようになった ([1], [10])．数学的な文脈において
は，[2]が包括的な参考文献となっている．この現象の解析における重要な課題の一つとして，
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れる．この解析において，ある位数を持つ整函数の空間に作用する増大度条件を満たす無限階
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のクラスを拡張することで，[4]で得られた定理の逆，すなわち，ある位数を持つ整函数の空間
に対する連続自己準同型が，増大度条件を満たす無限階微分作用素として特徴付けられること
が証明されている．[6] の結果は一般化されており，[5]では与えられた proximate orderを持
つ整函数の空間に対して，その連続準同型の無限階微分作用素による特徴付けが与えられてい
る．さらに，[15]ではクラスMの Roumieu 型および Beurling 型の形式的冪級数の空間に対
して，その連続自己準同型の無限階微分作用素による特徴付けが与えられている．
本論文では，ある位数を持つ整函数の空間に作用する増大度条件を満たす無限階微分作用素
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結果は，これらの空間に対する微分方程式の解の性質の解明に寄与することが期待される．

1 Introduction

In [6], Aoki, Ishimura, Okada, Struppa and the author introduced the class of infinite order

differential operators subject to certain growth conditions, denoted by Dp (resp. Dp,0),

and proved that this class characterizes the continuous endomorphisms on the space Ap

(resp. Ap,0) of entire functions of order at most p of normal type (resp. minimal type).

These results were generalized to continuous homomorphisms between spaces of entire

functions with respect to proximate orders in [5], and to continuous endomorphisms on

spaces of formal power series of class M in [15] (cf. [16]). In the setting of spaces of

entire functions of normal type with respect to a proximate order, solvability conditions

for differential equations of regular singular type and of Korobĕınik type were studied in

[14].

Given an operator P ∈ Dp (resp. P ∈ Dp,0) acting on the space Ap (resp. Ap,0),

it is natural to consider whether its formal adjoint tP also defines a continuous linear

operator on the same space. The main purpose of this paper is to investigate formal

adjoint operators and their continuity on the spaces of entire functions of a given order.

Note that an infinite order differential operator in Dp (resp. Dp,0) is not a local operator

2

in general.

The plan of this paper is as follows. In Section 2, we recall the definitions of the spaces

of entire functions of a given order and infinite order differential operators introduced

in [6], and define the notion of formal adjoint operators. In Section 3, we establish the

main results of this paper, which show that the formal adjoints of these operators define

continuous linear operators on Ap (resp. Ap,0), under a suitable additional assumption on

the operators in Dp (resp. Dp,0). Since the formal adjoint plays a fundamental role in the

study of the solvability of differential equations via duality (cf. [12]), we expect that these

results will contribute to clarifying the properties of solutions to differential equations.

2 Preliminaries

We denote by C the set of complex numbers as usual, and by Z≥0 the set of non-negative

integers. We fix a positive integer n. Let O(Cn) be the set of entire functions of variables

z = (z1, z2, . . . , zn) ∈ Cn. For p > 0 and τ > 0, let Ap,τ denote the set of f ∈ O(Cn)

satisfying

‖f‖p,τ := sup
z∈Cn

|f(z)| exp(−τ |z|p) < ∞,

where |z| :=
√
|z1|2 + |z2|2 + · · ·+ |zn|2. Then Ap,τ becomes a Banach space with the norm

‖ · ‖p,τ . For τ
′ > τ > 0, the natural inclusion mapping ι : Ap,τ ↪→ Ap,τ ′ is compact. Hence

we define the inductive and projective limits of the family {Ap,τ}τ>0 by

Ap := lim−→
τ>0

Ap,τ , Ap,0 := lim←−
τ>0

Ap,τ .

These spaces are DFS and FS spaces, respectively (cf. [9]).

We use the standard convention for multi-indices. For α = (α1, α2, . . . , αn), β =

(β1, β2, . . . , βn) ∈ Zn
≥0, we write α ≤ β if αk ≤ βk for all k = 1, 2, . . . , n. Moreover, we

write α± β = (α1 ± β1, α2 ± β2, . . . , αn ± βn), |α| = α1 + α2 + · · ·+ αn, α! = α1!α2! · · ·αn!

and ∂α
z = (∂/∂z1)

α
1(∂/∂z2)

α
2 · · · (∂/∂zn)

α
n for z = (z1, z2, . . . , zn) ∈ Cn. We will consider

a formal differential operator with coefficients given by a multi-sequence {aα(z)}α∈Zn
≥0

⊂
O(Cn).

Definition 2.1 ([6, Definition 3.1]; see [7, Definition 1.3] for the one variable case). We

denote by Dp the set of all formal differential operators P = P (z, ∂z) =
∑

α aα(z)∂
α
z such

that {aα(z)}α∈Zn
≥0

⊂ O(Cn) satisfies the following condition: for any ε > 0, there exist

Bε > 0 and Cε > 0 such that for any α ∈ Zn
≥0 the following holds:

‖aα‖p,B
ε
≤ Cε

|α||α|/p

α!
ε|α|. (2.1)
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Here we use conventions 0! = 00 = 1.

Definition 2.2 ([6, Definition 4.1]). We denote by Dp,0 the set of all formal differential

operators P = P (z, ∂z) =
∑

α aα(z)∂
α
z such that {aα(z)}α∈Zn

≥0
⊂ O(Cn) satisfies the

following condition: for any ε > 0, there exists Bε > 0 such that for any α ∈ Zn
≥0 the

following holds:

‖aα‖p,ε ≤
|α||α|/p

α!
B|α|+1

ε . (2.2)

Theorem 2.3 ([6, Theorems 3.3 (i) and 4.3 (i)]). Let P = P (z, ∂z) =
∑

α aα(z)∂
α
z be a

formal differential operator. For any entire function f(z), set

Pf :=
∑
α

aα(z)∂
α
z f.

(i) Assume that P ∈ Dp. Then for any f ∈ Ap, the series Pf converges and Pf ∈ Ap.

Moreover, f �→ Pf defines a linear continuous operator P : Ap → Ap.

(ii) Assume that P ∈ Dp,0. Then for any f ∈ Ap,0, the series Pf converges and

Pf ∈ Ap,0. Moreover, f �→ Pf defines a linear continuous operator P : Ap,0 → Ap,0.

Definition 2.4 (cf. [8], [12]). Let P (z, ∂z) =
∑

α aα(z)∂
α
z be a formal differential operator

with {aα(z)}α∈Zn
≥0

⊂ O(Cn). Then the formal adjoint of P (z, ∂z) is defined by

tP (z, ∂z) :=
∑
α

(−∂z)
αaα(z).

Then tP (z, ∂z) can be written as

tP (z, ∂z) =
∑
β

(−1)|β|
∑
α≤β

β!

α!(β − α)!

(
∂α
z aβ(z)

)
∂β−α
z =

∑
γ

bγ(z)∂
γ
z . (2.3)

Here we write γ = β − α ∈ Zn
≥0 and bγ(z) =

∑
β≥γ

(−1)|β|
β!

(β − γ)!γ!
∂β−γ
z aβ(z).

3 Main Result

Definition 3.1. We define D̃p ⊂ Dp as follows: P =
∑

α aα(z)∂
α
z ∈ Dp belongs to D̃p if

for any ε > 0, the constant Bε > 0 in (2.1) satisfies 2(2spn
p/2eBε p)

1/pε < 1. Here we set

sp := max{2p−1, 1}.

Theorem 3.2. Let tP =
∑

γ bγ(z)∂
γ
z be the formal adjoint of P =

∑
α aα(z)∂

α
z ∈ D̃p in

(2.3). Then, for any entire function f ∈ Ap, the series

tPf :=
∑
γ

bγ(z)∂
γ
z f

4

converges and tPf ∈ Ap. Moreover, the mapping f �→ tPf defines a linear continuous

operator tP : Ap → Ap.

Proof. Recall that a linear operator F : Ap → Ap is continuous if and only if for any τ > 0,

there exist C > 0 and τ ′ > 0 such that

‖Ff‖p,τ ′ ≤ C‖f‖p,τ

holds for any f ∈ Ap,τ (see, e.g., [11]). Since P =
∑

α aα(z)∂
α
z ∈ D̃p, for any ε > 0, there

exist Bε > 0 and Cε > 0 such that ‖aα‖p,B
ε
≤ Cε|α|

|α|/pε|α|/α! and 2(2spn
p/2eBεp)

1/pε < 1.

Let τ > 0 be arbitrary and fix f ∈ Ap,τ . Using [6, Lemma 2.1], we have

‖tPf‖p,B
ε
+s

p
τ ≤

∑
γ

‖bγ‖p,B
ε
‖∂γ

z f‖p,s
p
τ

≤
∑
γ

(∑
β≥γ

β!

(β − γ)!γ!
‖∂β−γ

z aβ‖p,B
ε

)
γ!

|γ||γ|/p
(eτp)|γ|/p(2n1/2)|γ|‖f‖p,τ

≤ Cε

∑
γ

(∑
β≥γ

|β||β|/p

|β − γ||β−γ|/p|γ||γ|/p
(spn

p/2eBεp)
|β−γ|/pε|β|

)
(eτp)|γ|/p(2n1/2)|γ|‖f‖p,τ

≤ Cε

∑
γ

(2n1/2(2eτp)1/pε)|γ|
∑
β≥γ

(2spn
p/2eBεp)

|β−γ|/pε|β−γ|‖f‖p,τ

≤ 22n−2Cε

∞∑
k=0

(4n1/2(2eτp)1/pε)k
∞∑

m=0

(2(2spn
p/2eBεp)

1/pε)m‖f‖p,τ

for any ε, τ > 0. Here we have used the inequalities

‖∂β−γ
z aβ‖p,B

ε
≤ (β − γ)!

|β − γ||β−γ|/p (spn
p/2eBεp)

|β−γ|/p‖aβ‖p,B
ε

(see the proof of [6, Lemma 2.1]) and

|β||β|

|β − γ||β−γ||γ||γ|
≤ 2|β| = 2|γ|2|β−γ|,

∑
|α|=k

1 =

(
n+ k − 1

k

)
≤ 2n+k−1. (3.1)

For any τ > 0, we can choose ε, τ ′ > 0 such that τ ′ ≥ Bε + spτ and 4n1/2(2eτp)1/pε < 1.

Since the sum
∑∞

m=0(2(2spn
p/2eBεp)

1/pε)m converges, for any τ > 0, there exist C̃ > 0

and τ ′ > 0 such that

‖tPf‖p,τ ′ ≤ C̃‖f‖p,τ .

This proves the continuity of tP : Ap → Ap.

Definition 3.3. We define D̃p,0 ⊂ Dp,0 as follows: P =
∑

α aα(z)∂
α
z ∈ Dp,0 belongs to

D̃p,0 if for any ε > 0, the constant Bε > 0 in (2.2) satisfies 2(2spn
p/2eεp)1/pBε < 1. Here

we set sp := max{2p−1, 1}.

5
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Here we use conventions 0! = 00 = 1.

Definition 2.2 ([6, Definition 4.1]). We denote by Dp,0 the set of all formal differential

operators P = P (z, ∂z) =
∑

α aα(z)∂
α
z such that {aα(z)}α∈Zn

≥0
⊂ O(Cn) satisfies the

following condition: for any ε > 0, there exists Bε > 0 such that for any α ∈ Zn
≥0 the

following holds:

‖aα‖p,ε ≤
|α||α|/p

α!
B|α|+1

ε . (2.2)

Theorem 2.3 ([6, Theorems 3.3 (i) and 4.3 (i)]). Let P = P (z, ∂z) =
∑

α aα(z)∂
α
z be a

formal differential operator. For any entire function f(z), set

Pf :=
∑
α

aα(z)∂
α
z f.

(i) Assume that P ∈ Dp. Then for any f ∈ Ap, the series Pf converges and Pf ∈ Ap.

Moreover, f �→ Pf defines a linear continuous operator P : Ap → Ap.

(ii) Assume that P ∈ Dp,0. Then for any f ∈ Ap,0, the series Pf converges and

Pf ∈ Ap,0. Moreover, f �→ Pf defines a linear continuous operator P : Ap,0 → Ap,0.

Definition 2.4 (cf. [8], [12]). Let P (z, ∂z) =
∑

α aα(z)∂
α
z be a formal differential operator

with {aα(z)}α∈Zn
≥0

⊂ O(Cn). Then the formal adjoint of P (z, ∂z) is defined by

tP (z, ∂z) :=
∑
α

(−∂z)
αaα(z).

Then tP (z, ∂z) can be written as

tP (z, ∂z) =
∑
β

(−1)|β|
∑
α≤β

β!

α!(β − α)!

(
∂α
z aβ(z)

)
∂β−α
z =

∑
γ

bγ(z)∂
γ
z . (2.3)

Here we write γ = β − α ∈ Zn
≥0 and bγ(z) =

∑
β≥γ

(−1)|β|
β!

(β − γ)!γ!
∂β−γ
z aβ(z).

3 Main Result

Definition 3.1. We define D̃p ⊂ Dp as follows: P =
∑

α aα(z)∂
α
z ∈ Dp belongs to D̃p if

for any ε > 0, the constant Bε > 0 in (2.1) satisfies 2(2spn
p/2eBε p)

1/pε < 1. Here we set

sp := max{2p−1, 1}.

Theorem 3.2. Let tP =
∑

γ bγ(z)∂
γ
z be the formal adjoint of P =

∑
α aα(z)∂

α
z ∈ D̃p in

(2.3). Then, for any entire function f ∈ Ap, the series

tPf :=
∑
γ

bγ(z)∂
γ
z f

4

converges and tPf ∈ Ap. Moreover, the mapping f �→ tPf defines a linear continuous

operator tP : Ap → Ap.

Proof. Recall that a linear operator F : Ap → Ap is continuous if and only if for any τ > 0,

there exist C > 0 and τ ′ > 0 such that

‖Ff‖p,τ ′ ≤ C‖f‖p,τ

holds for any f ∈ Ap,τ (see, e.g., [11]). Since P =
∑

α aα(z)∂
α
z ∈ D̃p, for any ε > 0, there

exist Bε > 0 and Cε > 0 such that ‖aα‖p,B
ε
≤ Cε|α|

|α|/pε|α|/α! and 2(2spn
p/2eBεp)

1/pε < 1.

Let τ > 0 be arbitrary and fix f ∈ Ap,τ . Using [6, Lemma 2.1], we have

‖tPf‖p,B
ε
+s

p
τ ≤

∑
γ

‖bγ‖p,B
ε
‖∂γ

z f‖p,s
p
τ

≤
∑
γ

(∑
β≥γ

β!

(β − γ)!γ!
‖∂β−γ

z aβ‖p,B
ε

)
γ!

|γ||γ|/p
(eτp)|γ|/p(2n1/2)|γ|‖f‖p,τ

≤ Cε

∑
γ

(∑
β≥γ

|β||β|/p

|β − γ||β−γ|/p|γ||γ|/p
(spn

p/2eBεp)
|β−γ|/pε|β|

)
(eτp)|γ|/p(2n1/2)|γ|‖f‖p,τ

≤ Cε

∑
γ

(2n1/2(2eτp)1/pε)|γ|
∑
β≥γ

(2spn
p/2eBεp)

|β−γ|/pε|β−γ|‖f‖p,τ

≤ 22n−2Cε

∞∑
k=0

(4n1/2(2eτp)1/pε)k
∞∑

m=0

(2(2spn
p/2eBεp)

1/pε)m‖f‖p,τ

for any ε, τ > 0. Here we have used the inequalities

‖∂β−γ
z aβ‖p,B

ε
≤ (β − γ)!

|β − γ||β−γ|/p (spn
p/2eBεp)

|β−γ|/p‖aβ‖p,B
ε

(see the proof of [6, Lemma 2.1]) and

|β||β|

|β − γ||β−γ||γ||γ|
≤ 2|β| = 2|γ|2|β−γ|,

∑
|α|=k

1 =

(
n+ k − 1

k

)
≤ 2n+k−1. (3.1)

For any τ > 0, we can choose ε, τ ′ > 0 such that τ ′ ≥ Bε + spτ and 4n1/2(2eτp)1/pε < 1.

Since the sum
∑∞

m=0(2(2spn
p/2eBεp)

1/pε)m converges, for any τ > 0, there exist C̃ > 0

and τ ′ > 0 such that

‖tPf‖p,τ ′ ≤ C̃‖f‖p,τ .

This proves the continuity of tP : Ap → Ap.

Definition 3.3. We define D̃p,0 ⊂ Dp,0 as follows: P =
∑

α aα(z)∂
α
z ∈ Dp,0 belongs to

D̃p,0 if for any ε > 0, the constant Bε > 0 in (2.2) satisfies 2(2spn
p/2eεp)1/pBε < 1. Here

we set sp := max{2p−1, 1}.
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Theorem 3.4. Let tP =
∑

γ bγ(z)∂
γ
z be the formal adjoint of P =

∑
α aα(z)∂

α
z ∈ D̃p,0 in

(2.3). For any entire function f ∈ Ap,0, the series

tPf :=
∑
γ

bγ(z)∂
γ
z f

converges and tPf ∈ Ap,0. Moreover, the mapping f �→ tPf defines a linear continuous

operator tP : Ap,0 → Ap,0.

Proof. This can be proved in the same way as Theorem 3.2. Recall that a linear operator

F : Ap,0 → Ap,0 is continuous if and only if for any σ > 0, there exist C > 0 and τ > 0

such that

‖Ff‖p,σ ≤ C‖f‖p,τ

holds for any f ∈ Ap,0 (see, e.g. [11]). Since P =
∑

α aα(z)∂
α
z ∈ D̃p,0, for any ε > 0, there

exists Bε > 0 such that ‖aα‖p,ε ≤ |α||α|/pB|α|+1
ε /α! and 2(2spn

p/2eεp)1/pBε < 1. Let τ > 0

be arbitrary and fix f ∈ Ap,0. Similar computations to those in Theorem 3.2 yield

‖tPf‖p,ε+s
p
τ ≤

∑
γ

‖bγ‖p,ε‖∂
γ
z f‖p,s

p
τ

≤
∑
γ

(∑
β≥γ

β!

(β − γ)!γ!
‖∂β−γ

z aβ‖p,ε

)
γ!

|γ||γ|/p
(eτp)|γ|/p(2n1/2)|γ|‖f‖p,τ

≤
∑
γ

(∑
β≥γ

|β||β|/p

|β − γ||β−γ|/p|γ||γ|/p
(spn

p/2eεp)|β−γ|/pB|β|+1
ε

)
(eτp)|γ|/p(2n1/2)|γ|‖f‖p,τ

≤ Bε

∑
γ

(2n1/2(2eτp)1/pBε)
|γ|

∑
β≥γ

(2spn
p/2eεp)|β−γ|/pB|β−γ|

ε ‖f‖p,τ

≤ 22n−2Bε

∞∑
k=0

(4n1/2(2eτp)1/pBε)
k

∞∑
m=0

(2(2spn
p/2eεp)1/pBε)

m‖f‖p,τ

for any ε, τ > 0. Here we have used the inequalities

‖∂β−γ
z aβ‖p,ε ≤

(β − γ)!

|β − γ||β−γ|/p (spn
p/2eεp)|β−γ|/p‖aβ‖p,ε

(see the proof of [6, Lemma 2.1]) and (3.1). For any σ > 0, we can choose ε, τ > 0 such

that σ ≥ ε + spτ and 4n1/2(2eτp)1/pBε < 1. Since the sum
∑∞

m=0(2(2spn
p/2eεp)1/pBε)

m

converges, for any σ > 0, there exist C̃ > 0 and τ > 0 such that

‖tPf‖p,σ ≤ C̃‖f‖p,τ .

This proves the continuity of tP : Ap,0 → Ap,0.
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Theorem 3.4. Let tP =
∑

γ bγ(z)∂
γ
z be the formal adjoint of P =

∑
α aα(z)∂

α
z ∈ D̃p,0 in

(2.3). For any entire function f ∈ Ap,0, the series

tPf :=
∑
γ

bγ(z)∂
γ
z f

converges and tPf ∈ Ap,0. Moreover, the mapping f �→ tPf defines a linear continuous

operator tP : Ap,0 → Ap,0.

Proof. This can be proved in the same way as Theorem 3.2. Recall that a linear operator

F : Ap,0 → Ap,0 is continuous if and only if for any σ > 0, there exist C > 0 and τ > 0

such that

‖Ff‖p,σ ≤ C‖f‖p,τ

holds for any f ∈ Ap,0 (see, e.g. [11]). Since P =
∑

α aα(z)∂
α
z ∈ D̃p,0, for any ε > 0, there

exists Bε > 0 such that ‖aα‖p,ε ≤ |α||α|/pB|α|+1
ε /α! and 2(2spn

p/2eεp)1/pBε < 1. Let τ > 0

be arbitrary and fix f ∈ Ap,0. Similar computations to those in Theorem 3.2 yield

‖tPf‖p,ε+s
p
τ ≤

∑
γ

‖bγ‖p,ε‖∂
γ
z f‖p,s

p
τ

≤
∑
γ

(∑
β≥γ

β!

(β − γ)!γ!
‖∂β−γ

z aβ‖p,ε

)
γ!

|γ||γ|/p
(eτp)|γ|/p(2n1/2)|γ|‖f‖p,τ

≤
∑
γ

(∑
β≥γ

|β||β|/p

|β − γ||β−γ|/p|γ||γ|/p
(spn

p/2eεp)|β−γ|/pB|β|+1
ε

)
(eτp)|γ|/p(2n1/2)|γ|‖f‖p,τ

≤ Bε

∑
γ

(2n1/2(2eτp)1/pBε)
|γ|

∑
β≥γ

(2spn
p/2eεp)|β−γ|/pB|β−γ|

ε ‖f‖p,τ

≤ 22n−2Bε

∞∑
k=0

(4n1/2(2eτp)1/pBε)
k

∞∑
m=0

(2(2spn
p/2eεp)1/pBε)

m‖f‖p,τ

for any ε, τ > 0. Here we have used the inequalities

‖∂β−γ
z aβ‖p,ε ≤

(β − γ)!

|β − γ||β−γ|/p (spn
p/2eεp)|β−γ|/p‖aβ‖p,ε

(see the proof of [6, Lemma 2.1]) and (3.1). For any σ > 0, we can choose ε, τ > 0 such

that σ ≥ ε + spτ and 4n1/2(2eτp)1/pBε < 1. Since the sum
∑∞

m=0(2(2spn
p/2eεp)1/pBε)

m

converges, for any σ > 0, there exist C̃ > 0 and τ > 0 such that

‖tPf‖p,σ ≤ C̃‖f‖p,τ .

This proves the continuity of tP : Ap,0 → Ap,0.
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